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Abstract 
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Using transfinite induction, a space as in the title is constructed. 
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A topological space X is countable dense homogeneous (CDH) provided that X 
is separable and that if A and B are countable dense subsets of X then there is an 
h E H(X), the autohomeomorphism group on X, such that h(A) = B. The space 
X is strongly locally homogeneous (SLH) provided that X has a basis of open sets 
U such that if x, y E U then there is h E H(X) such that h(x) = y and h(z) =z 
v.2 EX\U. 
It is known that SLH Polish spaces are CDH (first proved by Bennett [l] in the 
locally compact case, later by Fletcher and McCoy [3] in the general case). Van 
Mill [7] showed that noncomplete separable metric SLH spaces need not be CDH 
and asked for examples of CDH connected spaces that are not SLH. Nonmetric 
examples have been provided: an Hausdorff example by Fitzpatrick and Zhou [2], 
and a regular Hausdorff example by Watson and Simon [8]. To date no metric 
example is known. A natural place to look is in the class of Jones spaces. If 
f:lR’ --, Iw is a discontinuous, additive function (f(x +y) =f(x) +f(y) Vx, y E R) 
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and the graph, J, of f is a connected subspace of R2, then J is called a Jones 
space [6]. Every Jones space is a topological group. That no Jones space is SLH is 
proved below (Theorem 1). It is unknown whether there is a CDH Jones space. 
The purpose of this paper is to show that not every Jones space is CDH. This was 
first announced by the first author [4], under the assumption of the continuum 
hypothesis. 
Theorem 1. Zf X is a dense, connected subset of lR2 that intersects each vertical ine 
in only one point, then X is not SLH. 
Proof. Assume the hypothesis; for each z EX, let L, = {x EX: rI(x) < rI(.z)), 
and let U, = {y EX: ~~(2) < ri( y)). If h is an autohomeomorphism on X, define 
fi : [w + R so that, for each z EX, &,,<z>> = a,(h(z)). It follows in succession that 
L, u {z) and 17, u {z) are connected; that L, and U, are connected; and that a 
subset Y of X is connected if and only if a,(Y) is connected. It now follows that i 
is an autohomeomorphism on [w and must therefore be either order preserving or 
order reversing. Now, let B be a bounded open set in X, and let x and y be two 
points of B, with ri(x) < r,( y>. 
If h is an autohomeomorphism on X that takes x to y, and if m EX\B, and 
(1) ri(x) < r,(m) < r,( y> in case fi preserves order, and (2) r,(m) < rri(x) in case 
fi reverses order, then h must move m (since h moves rl(rn)); so, h is not the 
identity on X\B. Therefore, X is not SLH. 0 
Theorem 2. There is a Jones space that is not CDH. 
Proof. Minimally well order the collection of Cantor subsets of the y-axis. By 
transfinite induction, construct a linearly independent subset of the y-axis which 
intersects all of these Cantor sets. Extend this set to a Hamel basis using the 
Kuratowski-Zorn lemma. Call this set A. Define a slanted Cantor set to be a 
Cantor subset of the plane no two of whose points lie on the same horizontal or 
vertical line. Minimally well order the collection of slanted Cantor sets. Pick a 
nonzero element of the x-axis and call it b,. Let g(b,) = 0. Let C, be the first 
slanted Cantor set and (b,, g(b,)) and (tl, sl) be chosen so that (b,, b,, tI) is 
linearly independent and {g(b,), sl) CA and (b,, g(b,)) E C,. 
Let (b,, g(b,N and (t,, s2> be chosen so that {b,, b,, t,, b,, t2) is linearly 
independent, (g(b,), sl, g(b,), s2) ~4 and (b,, g(b,)) E C,. Continue this pro- 
cess (we can continue since fewer than continuum many elements will have been 
chosen prior to any stage) and let {b,, b,, . . . ) be called B, (tl, t,, . . . ) = T and 
{Si, s2,. . . ) = S. Extend B u T to a Hamel basis, W, of the x-axis. Let f : W\B + 
A\g(B) be a bijection. For every x E W\B, define g(x) = f(x) (we can now 
consider g to be a bijection of W onto A U (0)). Extend g additively over the reals 
(i.e., if x~[w and if x=rlwl + .-* +mw, with n a positive integer, the ri’s 
rational and the wi’s from W then let g(x) = r,g(w,) + . * - +r,g(w,)). Observe 
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that the graph of g intersects every horizontal line only on a countable dense set. 
Since every Cantor set contains continuum many disjoint Cantor sets, the graph of 
g intersects every slanted Cantor set at continuum many points. We identify g with 
its graph. 
Claim. The graph of g is connected. 
Proof of Claim. Suppose g is not connected. Then by Jones’s necessary and 
sufficient condition that g be connected [6, Theorem 21, there exist mutually 
exclusive open sets U and V in R* such that g c U u V and r,(R*\(U u VI> 
contains an open interval, (w, z>. Let H = lR*\(U U V>. For each t E (w, z) select 
only one h E H where s-,(h) = t and call this whole set H; H, must be nowhere 
dense in every horizontal line, or else H, would contain an element of g. 
Therefore H, intersects uncountably many horizontal lines (Baire category theo- 
rem). Select only one element of H, from each of these horizontal lines and call 
this whole set H,. Exclude the isolated points of H, (there are no more than 
countably infinitely many) and call this set H3. Each two elements of H3 lie on 
different horizontal and vertical lines. Form a monotonic sequence of unions of 
closed square discs about some elements of H, such that no two square in one 
stage intersect the same horizontal or vertical line in R* and each square at each 
stage contains at least two squares at the next stage (or at some later stage). Make 
the diameters of these squares go to zero. The intersection of these squares discs is 
a Cantor set in R* which lies in r?, and therefore in H and whose every two 
elements lie on different horizontal and vertical lines. But g intersects every such 
Cantor set, and the claim is proved. 
Next, we show that g is not CDH. Let g intersected with the horizontal line 
y = 1 be the countable set L; L is closed in g. Let K be a countable dense subset 
of g that intersects no horizontal line in R* more than once. Let A4 = L u K. 
Every infinite subset of K whose every point is a limit point of it has a slanted 
Cantor set as part of its closure (repeat the H, construction) and so no such set 
can be closed in g. So, there does not exist h E H(g) so that h(K) = M. This 
completes the proof of the theorem. 0 
Remark. The first proof of this theorem (which required use of either the 
continuum hypothesis or Martin’s axiom) seemed to greatly differ from the above 
proof. Briefly, the procedure was as follows. 
Pick any countable graph of the form fA U fB with (1) fA n fB = ((0, ON, (2) both 
fA and fe are subvector spaces of R* and both are dense in lQ*. Let H be the set 
of all homeomorphisms h taking any Jones function f containing fA u fs onto 
itself with h( f,> = fs and note that the cardinality of H is at most c (the 
cardinality of the continuum). One then simultaneously picks a Hamel basis 
B = {bi : i E c) U {ci : i E c) and constructs a Jones function f containing fA U fs in 
such a way that no member of H takes f onto f. (Given H = {hi : i E cl, one picks 
the C~‘S and defines f(ci> as in [6] in such a way that f will be connected, and one 
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picks the b,‘s and defines f so that the point (bi, (h,(f))(b,)) does not belong to 
the graph of f.) It is useful that the first projection function composed with each 
hi will be either order preserving or order reversing. 
It now appears that the following lemma might allow one to employ the above 
procedure to prove the theorem in ZFC. 
Lemma [5]. There is a Harnel basis H for R such that if G is a G,-set in R that 
contains Q (the rationals), then every nonempty relatively open set in G contains c 
elements of H; therefore, if H = U (H,: n E N) then some H,, must have a limit point 
in Q. 
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